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We investigate the Hawking effect on entangled fields. By considering a scalar field 
which is in a two-mode squeezed state from the point of view of freely falling (Kruskal) 
observers crossing the horizon of a Schwarzschild black hole, we study the degradation of 
quantum and classical correlations in the state from the perspective of Schwarzschild ob- 
servers confined outside the horizon. Due to monogamy constraints on the entanglement 
distribution, we show that the lost bipartite entanglement is recovered as multipartite 
entanglement among modes inside and outside the horizon. In the limit of a small-mass 
black hole, no bipartite entanglement is detected outside the horizon, while the genuine 
multipartite entanglement interlinking the inner and outer regions grows infinitely. 
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1 Introduction 

The physics of black holes has attracted and fascinated scientists since almost eighty years. 
Recently, in the quest to understand and properly describe such singular objects, new insights 
have been drawn into and from apparently unrelated areas, such as condensed matter physics 
and information theory. On the one hand, inspired by the holographic principle, the investi- 
gation of the "area law" entropy scaling in Hamiltonian lattice systems has unveiled general 
connections between decay of correlations, spectral gap, and computational complexity of 
ground states [1] . On the other hand, the concepts of entropy, information, and entanglement 
have been developed into the novel field of quantum information science, whose applications 
are revolutionizing modern communications [2], It seems interesting to investigate whether 
the novel tools developed in these areas may prove useful, in turn, to achieve a better com- 
prehension of traditional black hole questions [3] . 
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In particular, quantum entanglement has been recognized to play an important role in 
black hole thermodynamics [4] and in the information loss problem in a black hole [5] , one of 
the most challenging issues in theoretical physics at the moment [6]. Consider a snapshot of 
the gravitational collapse of a massive object forming a Schwarzschild black hole. A scalar 
held which is in the so-called Unruh vacuum state [7] from the point of view of freely falling 
observers at the horizon (Kruskal observers) [8], contains quantum correlations between the 
held modes inside and outside the horizon. Namely, the modes described by observers living 
outside the black hole (outer Schwarzschild observers) are entangled with the modes described 
by virtual observers confined to the interior of the black hole (inner Schwarzschild observers) 
[9] . Such entanglement is directly related to the entropy of the black hole [4] . Schwarzschild 
observers outside the black hole have no access to the modes inside the horizon, thus have 
incomplete information about the quantum field, which results in the detection of a thermal 
state. The so-called Hawking temperature of such a state is inversely proportional to the black 
hole mass M [7]. For a black hole with small, asymptotically vanishing mass (corresponding 
e.g. to a snapshot taken close to the final evaporation stage), the radiation temperature 
approaches infinity, resulting in the detection of a maximally mixed state which contains no 
information. This is the core of the 'paradox' [6]: according to Hawking's analysis, a black 
hole can "swallow" the information about pure quantum states and eventually disappear 
alongwith it. 

Here we face an intriguing question: what if an entangled state of the field is detected by 
infalling observers? Will the black hole "swallow" also the information encoded in correlations 
between the field modes? We provide answers to these and related questions in the following. 
Let us remark that in the canonical studies of the Hawking radiation [9] , the state of the scalar 
field, from the perspective of free falling observers, is the vacuum state. Since the vacuum 
state contains no entanglement from this perspective, it is not possible to address the question 
of how much quantum information (encoded in correlations between field modes) is lost from 
the perspective of physical observers living outside the black hole. However, in principle, and 
quite realistically, the field from the Kruskal perspective could be in any state. The most 
general case would correspond to multiparty entangled states of an arbitrary number N of 
field modes. Unfortunately, the entanglement content of general multipartite states cannot 
be exactly quantified with the existing entanglement measures, and even its qualification 
is a quite formidable task. In our analysis we take the first step beyond the conventional 
studies by considering a scalar field in a 1+1 dimensional Schwarzschild black hole spacetime, 
which is in a two-mode squeezed entangled state from the point of view of (freely falling) 
Kruskal observers. This represents one of the simplest nontrivial instances of N entangled 
modes (being, in fact, N = 2). Importantly, for the studied case analytical tools have been 
developed to quantify bipartite entanglement and its redistribution into multipartite form 
when the field is observed from a different perspective [12]. Therefore our analysis generalizes 
the standard studies where the tools of quantum information theory were applied to black hole 
physics [4, 5, 6]. The canonical studies are actually recovered when the entanglement between 
the two modes vanishes from the Kruskal perspective, in which case two independent Kruskal 
vacuum field modes are detected as equally thermalized states by Schwarzschild observers. 
But the most interesting contribution of our study is that considering the two-mode squeezed 
state enables us to address novel questions such as what is the effect of a black hole on the 
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correlations (quantum and classical) present in a multimodc field. The specific choice of a two- 
mode squeezed state as entangled state of the field as detected by Kruskal observers is very 
natural, also in view of the ubiquity of two-mode squeezed states in black hole physics (both in 
connection to its entropy [4], and to its final state [10]) [13]. Moreover, in curved spacetimes 
with at least two asymptotically flat regions, particle states [11] commonly correspond to 
multiparty squeezed entangled states of an arbitrary number N of field modes. Such is the 
case, as an example, in a Robertson- Walker Universe. Our setting deals with the paradigmatic 
case N = 2. 

We show analytically that the Kruskal correlations, both quantum and classical, in the 
state, are smaller when detected by Schwarzschild observers outside the horizon; namely, 
they are more intensively degraded for smaller black hole mass M and lower mode frequen- 
cies. In the limit M — > 0, quantum correlations vanish for all frequency modes, but some 
classical correlations remain in the state, although smaller than those detected by Kruskal 
observers. An original insight is provided for the Hawking mechanism: we demonstrate that 
the entanglement loss is precisely reciprocated by a redistribution of the Kruskal bipartite 
entanglement into genuine multipartite quantum correlations between Schwarzschild modes 
inside and outside the black hole. In the limit M — > 0, the detection of an even finite bipar- 
tite entanglement by infalling observers, amounts to the creation of an unbounded multipartite 
entanglement across the horizon. Our results thus shed new light on the nature of the in- 
formation lost in black holes, within the quantum-informational framework of monogamy of 
entanglement [15]. 

2 The setting 

Let us briefly recall the Hawking effect on a scalar field. Each Unruh vacuum mode of 
frequency a, denoted by |0)^ in the Kruskal frame, corresponds to a two-mode squeezed state 
in the Schwarzschild frame [8, 7, 9] (see also Ref. [10]), 

fc=0 

ee u^, a ^(r)\oy a n \o)T . (i) 

Here \k)™ and are the Fock states inside and outside the black hole, Uij(r) = cxp §(a|aj — 

ai&j) is the two- mode squeezing operator with r the (real) squeezing parameter, and dij, a\j, 
are creation and annihilation operators for modes The squeezing r is related to the 

frequency a and the mass M of the black hole (in natural units), 

coshr= (i_ e -2M^-V2 _ (2) 

The two-mode squeezed state of Eq. (1) is a Gaussian state, i.e. a continuous variable state 
with Gaussian characteristic function [12]. Up to local unitary operations, all the information 
about a Gaussian state is contained in the symmetric covariance matrix (CM) whose entries 
are ct^ = 1/2({A^, X, }) — (Xi)(Xj) where X = {xi,pi, . . . ,Xn,Pn} is the vector of the 
field quadrature operators. In terms of CMs, Eq. (1) reads cTq -" = T a i n aOU t (r)(<r£°^ m © 
(Ta^ out )^ in a out(r)j where <T^ m = (rl '™' = I 2 and Tij(r) is the symplectic transformation 
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associated to the two- mode squeezing operator Uij(r), 



rij(r) = 



cosh(r)I 2 
sinh(r)i?2 



sinh(r)Z 2 
cosh(r)I 2 



withZ 2 = (J _°). 



Suppose now to have, from the perspective of Kruskal observers, an entangled two-mode 
squeezed state, which is described by the CM <t^ v (£) = r^^(^)r^(^), A and v being the 
frequencies of the modes. The entropy of entanglement [16] between the modes A and v is 

= /(cosh 2^), where 
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(3) 



The two modes also share classical correlations, equal in content to the entanglement S%. This 
is because the mutual information [17], quantifying the total (quantum plus classical) amount 
of correlations in the state, is equal to 1^ = 2S^. In the limit of infinite squeezing (£ — ► oo), 
the state approaches the ideal (unnormalizable) EPR state [18], which contains an infinite 
amount of entanglement and mean energy. 

We now wish to describe the state from the perspective of Schwarzschild observers which 
have only access to the field outside the black hole horizon. Each Kruskal mode is thus 
transformed according to the Bogoliubov transformation which acts on the vacuum as in 
Eq. (1) [7, 9](see also [14]). The global state, involving modes inside and outside the black 
hole, will be thus a four- mode pure Gaussian state with CM cr™^ out = OO t , where O = 
r !y tn j j / out(n)r^«n ) ^o«t(Z)r>, !y (^), and the parameters / and n are related to the black hole mass 
M and to the mode frequencies A, v respectively, by Eq. (2). Explicitly, 
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where (setting c = cosh and s = sinh): 



CT Xm 

cr x.»( 

£x in X° ut = £x° ut X in 

Sx in Y in 
S Xoutyout 



[c 2 ( 2 ;)+c(20s 2 (x)]I 2 , 
[c 2 ( a; )c(20+s 2 ( a; )]I 2 , 
[c 2 (C)s(2x)]Z 2 , 
[c(y)s(20s(x)]I 2 , 
[s(20s(x)s(y)]Z 2 , 
[c(x)c(y)s(20]Z 2 . 



Here X, Y = {A, u} and accordingly x, y — {I, n}. 

3 Bipartite entanglement and correlations between the outer modes 

The observers moving outside the black hole have access only to modes \ out and v out . There- 
fore, after tracing over the states in the region inside the black hole, the resulting state is 
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Fig. 1. Entanglement between two Schwarzschild modes detected outside a black hole (only nonzero 
values are plotted), (a) Contangle r^i„ as a function of the mode frequencies, for a black hole 
of mass M = 1/(2tt) and infinite entanglement (£ — > oo) in the Kruskal frame. Inset: trade-off 
between frequencies and mass for £ — > oo; entanglement is nonzero only inside the convex meshed 
surface, (b) Contangle r^i„ (shaded surface) as a function of squeezing £ and mass M, for A = 1 
and v = 2, compared to the contangle 4§ 2 (wireframe surface) detected by Kruskal observers. 



mixed. We can exactly quantify entanglement in different partitions of (mixed) Gaussian 
states by using a measure known as the contangle t [19]. The contangle is equivalent to the 
Gaussian entanglement of formation [21], which quantifies the cost of creating a mixed Gaus- 
sian state out of an ensemble of pure entangled Gaussian states. In the pure-state case, the 
entanglement of formation reduces to the entropy of entanglement [16]. The entanglement 
between the modes X out and v out from the perspective of observers outside the black hole is 
given by t\\ v = t(<x<^*) = g\m\\ v ] [19], where 

2c(2Z)c(2n)c 2 (£) + 3c(2£) - 4s(Z)s(n)s(2£) - 1 
WAk ~ 2 [(c(2Z) + c(2n))c 2 (0 - 2s 2 (£) + 2s(Z)s(ra)s(20] ' 

in case tanh(£) > sinh(7) sinh(n). Otherwise, the entanglement vanishes. 

The bipartite entanglement depends on the degree of squeezing £ (which determines the 
entanglement described by Kruskal observers), on the frequencies A and v, and on the mass 
M of the black hole. As shown in Fig. 1, entanglement increases with all these parameters. 
However, as function of the effective squeezing parameters I and n entanglement is strictly 
decreasing. We observe that the degradation on entanglement with decreasing mass is stronger 
if the entanglement S% in the Kruskal frame is larger. At fixed A and v 1 it is interesting to 
see that entanglement vanishes for a finite value of M. Conversely, note that for a fixed black 
hole mass M, the entanglement of low frequency modes vanishes or, better said, becomes 
physically unaccessible to the observers outside the black hole. Even in the ideal case, where 
the Kruskal state is an infinitely entangled EPR state [18] (corresponding to £ — > oo), the 
entanglement between modes A and v completely vanishes if e 27rAM + e 27Tl/M — e 27rM (A+i/) -> q 
[see inset of Fig. 1(a)]. Only modes with high frequency remain entangled. Moreover, the 
number of entangled modes becomes smaller for decreasing black hole mass and, as expected, 
the pairwise entanglement between two modes with given frequencies becomes weaker. In 
the limit M — -> the bipartite entanglement exactly vanishes between all frequency modes. 
The quantum correlations detected by Schwarzschild observers outside the black hole are 
irremediably lost, as we have just demonstrated in a full analytical fashion. 

It is also possible to calculate the total correlations between the modes outside the black 
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Fig. 2. Total correlations J(fJ" t ) (shaded surface) between modes with frequency A = 1 and 
v = 2 detected outside a black hole, versus mass M and squeezing £. The classical correlations 
detected by Kruskal observers are displayed as well (meshed surface). 

hole using the mutual information [17] which in terms of the CM reads [22] 

JKf) = /(VDeto-*,-) + /(VDetovu.) - /(??+) - /(r£,) , 
where /(a;) is defined in Eq. (3), and the symplectic eigenvalues are given by [23] 

2(r,t f = AK",*) ± v /AK A «*)2-4Det( < T™*) ) 

with 

Det Kr/) = [c 2 N + c(2£)s 2 (n)]c 2 (0 + s 2 (0[c(2£)c 2 (n) + s 2 (n)] 2 , 

A(<r£*) = c 2 (20c 4 (/) + 2[c(20s 2 (i) - c 2 (n)s 2 (2£)]c 2 (Z) + s 4 (Z) + [c(20c» + s 2 (n)] 2 . 

The behavior of the mutual information is qualitatively similar to that of the bipartite entan- 
glement. The most remarkable and original feature is that, in the regime where low frequency 
modes are disentangled (corresponding to a black hole with small mass, M — » 0), classical 
correlations are degraded as well. Namely (see Fig. 2), the mutual information I(a'^f) may 
fall below the threshold S% — /(cosh 2^), which corresponds to the classical correlations (and, 
equivalently, the entanglement) detected by Kruskal observers. Previous analyses reported 
classical correlations invariant under the Hawking effect, by considering either a maximally 
entangled two-qubit Kruskal state [14], or the correlations between modes measured by an 
observer falling into the black hole and the other escaping the fall [24, 25]. We find instead 
that, for a two-mode squeezed Kruskal state, classical correlations are strictly invariant only 
in the limit of infinite entanglement, £ — > oo, in which case for M — > 0, the total correlations 
7(tr^ ) — > S$. For any finite degree of squeezing £ (which only then is physically meaning- 
ful), we have thus shown that Hawking radiation affects mostly quantum, but also classical 
correlations between modes outside a black hole. We observe that, nevertheless, the loss of 
classical correlations never exceeds one ebit. 

4 Genuine multipartite entanglement shared by inner and outer modes 

We are interested in understanding what happened to the lost quantum correlations. Are 
they really lost? Since the two entangled Kruskal modes are transformed into a four-partite 
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system from the Schwarzschild perspective (with two modes, one inside and another outside 
the black hole, for each frequency A and v) we move to analyze the information stored in 
form of multipartite correlations in the state. Multipartite entanglement is a complex topic 
which can be addressed in very few cases, which fortunately include, thanks to some recent 
advances [20, 26, 27], Gaussian states. The measure of multipartite entanglement we use is 
called the residual contangle and stems from the observation that entanglement cannot be 
freely shared. There are 'monogamy' relations which impose trade-offs on the distribution of 
bipartite entanglement between the various mode partitions of the system [15], constraining 
the residual multipartite entanglement not stored in couplewise form. The minimum residual 
entanglement in the state , derived from the entanglement monogamy inequality defined 

in [20, 26, 27], is given by the contangle between the mode A m and the rest, minus the 
contangle between A" 1 and \° ut , i.e., T res ( (T ^™' ou ) — r^nK^i^E^i) — T\i n \\o Ut . Here we 
labeled the modes such that I < n without loss of generality, and used the fact that there are 
no quantum correlations between modes inside and outside of different frequency, nor between 
A m and v m . Recalling that T\in\\ont = Al 2 and T v in\ v out = An 2 , the residual contangle reads 

r res = arcsinh 2 jy^cosh 2 I + cosh(2£) sinh 2 I} 2 - 1 j - Al 2 . (5) 

The derivation of this result is a straightforward generalization of the findings of Ref. [27], 
where the multipartite entanglement of the state in Eq. (4) has been studied, for I = n, in a 
quantum-optical setting. All technical details of these calculations are given in Refs. [27, 25]. 

This residual entanglement contains both tripartite and genuine four-partite contribu- 
tions. The portion of tripartite correlations in the state, with respect to the above mode 
decomposition, only involves the mode A m and the two modes outside the black hole (the 
other contributions being zero) . We calculate an upper bound to such tripartite entanglement 
between modes A m , X out and v out using the techniques of Refs. [27, 25] and obtain, 

-r«" < min r„r ^cch 2 (n)tanh 2 (Q + l \2] r 2 1 n \ ( scch 2 («) tanh 2 (£)-cosh(2Z) \ 2-| . ]2 \ 

The tripartite correlations vanish asymptotically for I, n ^> 0, which means that a portion 
of the information in the Kruskal state is redistributed into correlations with the remaining 
mode inside, v m , which are neither of bipartite nor of tripartite nature. Remarkably, in 
the regime of large l,n (low frequencies and/or small black hole mass), we conclude that the 
residual entanglement given by Eq. (5) quantifies exclusively the genuine four-partite quantum 
correlations among all four modes. 

We plot the residual entanglement in Fig. 3 where we see that it grows with the squeezing 
£. For fixed £, it increases with decreasing black hole mass M. Interestingly, the four- 
partite entanglement can easily surpass the bipartite entanglement 4£ 2 in the Kruskal state, 
and diverges in the limit M — > 0. Therefore, not only do we find that all the bipartite 
correlations in the Kruskal state are entirely redistributed into four-partite correlations among 
the Schwarzschild modes, but also that an unlimited amount of four-mode correlations is 
created by the presence of a black hole with infinitesimal mass. In this limit, the entanglement 
between modes of the same frequency across the horizon also diverges: this partly explains 
the generation of infinite genuine multipartite entanglement among all the four modes (the 
entanglement is said to distribute in a monogamous but 'promiscuous' way [27]) and why the 
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Fig. 3. Residual multipartite entanglement among the four (in and out) modes, Eq. (5) (shaded 
surface), versus squeezing § and black hole mass M, at fixed A = l/(87r). The bipartite entangle- 
ment 4£ 2 of the Kruskal state is displayed as well (meshed surface). 



bipartite entanglement between the outside modes is degraded and, with decreasing mass, 
destroyed. The infinite energy, associated with such an infinite multipartite entanglement 
interlinking the inside and outside regions of the black hole horizon, is related to the infinite 
temperature at which the black hole radiates, according to the Hawking effect [7], in the 
small- mass limit [28]. 

5 Conclusions 

In this paper, we have characterized the nature of information loss in the case of entangled 
bosonic fields in the presence of a Schwarzschild black hole horizon. A novel, interesting 
signature of the Hawking mechanism [7] is derived: the detection of an even finite bipartite 
entanglement by infalling observers, amounts to the creation of an unbounded multipartite 
entanglement across the horizon. The limiting situation of a black hole with vanishing mass (a 
snapshot of its evaporation), commonly regarded as the origin of the information loss 'paradox' 
[6] , is precisely identified by a divergence of such multipartite entanglement [28] . Already at 
finite black hole masses, observers outside the horizon may witness (depending on the mode 
frequencies) absolutely no entanglement in the field, and a small degradation of classical 
correlations as well. Connection of these insights to concepts of black hole thermodynamics 
awaits further investigation. 
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